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Abstract 
The objective of our research project is to gain a better and deeper understanding of different 

types of gestures and diagrams and the functions they have in visual-spatial communication in 
both mathematics and logic. In particular, we aim (i) to investigate practices of visual-spatial 
communication in the field of mathematics and logic based on historical case studies on gestures 

and diagrams and (ii) to develop educational tools to enhance teaching practices in those 
disciplines. This research project seeks to fill research gaps at the intersection of philosophical 
reflection and teaching mathematics and logic.  
 
State of the Art and Preliminary Work 
The following overview of the state of research is presented in three steps. First, we give an 
overview of the state of the art in research on visual-spatial communication in mathematics and 
logic. Second, we expose some crucial research deficits. Finally, we give an overview of our own 
preliminary work. 
 
In recent years, the question of the role of visual communication in the form of gestures and 
diagrams in mathematics and logic has become a main focus of research, i.e. so-called “visual-
spatial communication”. Keywords associated with this trend are “embodied mathematics,” 
“visual” and “diagrammatic reasoning,” “body diagrams,” “diagrammatic gestures,” et al. There 
are two main reasons for the current trend of visual-spatial communication in mathematics and 
logic: The first reason is a theoretical one; the second reason is a practical one, concerning 
teaching and education.  
 
The theoretical approach is deeply intertwined with the “nature” of visual, or visual-spatial, 
communication. Already in the early modern period, researchers have repeatedly emphasized 
that there are certain properties of visual-spatial communication in mathematics and logic that the 
classical forms of representation do not possess. These properties must be considered in a 
differentiated way, especially in the field of mathematics and logic, and they often depend on 
competing historical currents and schools: (a) Especially in the twentieth century, a negative 
attitude toward visual-spatial communication was handed down in science, which is the product 
of a historical phase that historians of mathematics call the “crisis of intuition”. (b) It was not until 
the 1990s that a period in logic and mathematics set in, often referred to as the “pictorial” or “visual 
turn,” which is continuing and increasing to this day. 
 
ad (a): Mathematicians and logicians in particular have regarded visual communication as a 
second-rate form of representation. Especially, three problems are usually attributed to visual 
communication: First, there are misleading intuitions when visual communication can lead to 
cognition and discovery, but there is no corrective through the certainty of logical proof. In this 
case, visual communication can be a false guide. Second, there is the problem of the particularity 
of intuitive evidence. A classic example of this is the visual proofs of the Pythagorean theorem, 
which often visualize the corresponding Euclidean theorem (Elem. I 49), but not all possible cases 
of it. Third, there are problems entitled epistemic vacuity. Visual communications may confirm 
what we already know on an intuitive basis, but epistemologically, they add little to our knowledge 
of truth. Visual-spatial communication can thus symbolize facts in logic or mathematics, but not 
reasons. 
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ad (b): The twentieth-century crisis of intuition began to wane from the 1960s onward, and from 
the 1990s onward, a trend often referred to as the “visual turn” began, motivated in particular by 
developments in logic, mathematics, psychology, and AI. This development not only corresponds 
to the perception of those involved in visual communication in the field of logic and mathematics, 
but it is also evidenced, for example, by empirical studies that have examined the frequency of 
certain diagrams in mathematical journals. The breakthrough in philosophy and mathematics, 
however, was Sun-Joo Shin’s paradigmatic work The Logical Status of Diagrams in 1993, in which 
Shin showed that visual communication can be used in logic on a par with other algebraic 
languages. She was able to successfully demonstrate that diagrams, and thus any form of visual-
spatial communication in logic, have their own syntax and semantics, allowing properties of formal 
systems to be proved. While many researchers at Stanford continued to develop this approach in 
logic, others showed that diagrams can not only be used as a formal system but also have 
cognitive advantages (e.g., free rides, observational advantages, operational iconicity, etc.) that 
algebraic and arithmetic notations do not possess. Simultaneously with these developments in 
logic, mathematics, and psychology, a strongly growing international and interdisciplinary 
community has established itself to this day. The general platform of this community is the 
DIAGRAMS conference, whose proceedings have been published in Lecture Notes in Computer 
Science (Springer) since 2000 and now have their own tracks (Philosophy, Psychology, 
Education) and co-located events (SetVR, ACM Symposium on Software Visualization, Spatial 
Cognition, etc.). A special feature of this research is that the diagrammatic techniques often 
originate from earlier centuries, as the eponyms already indicate (Euler diagrams, Venn diagrams, 
Peirce diagrams, etc.); however, the methods and areas of application are up to date. In this 
respect, the field of the history of logic and mathematics as a whole is an important component in 
the study of visual-spatial communication. In this context, little attention has been paid to 
diagrammatic gestures, except for a few studies.  
 
The practical approach understands diagrams and gestures as visual components that bring (a) 
didactic advantages and (b) close a gap in accessible teaching. 
 
ad (a): Compared to classical forms of representation in teaching, psychological studies have 
shown that information analysis, recall, and search are easier, clearer, and more efficient with 
visual forms of communication. Psychological tests in student courses confirm this thesis. Today 
we know very well exactly which visual forms of communication can improve which performances. 
Large-scale evaluations, for example, show better results in examinations in which diagrams are 
used than in examinations without diagrams. According to the VARK model in learning styles 
research, the most dominant group of learners are so-called visual learners, whose learning 
preferences—but also learning success—depend on the proportion of visual communication. 
 
ad (b): Visual-spatial communication is also an important interface for accessibility in teaching 
logic and mathematics. Even if the impression is given that diagrams in particular could create 
another barrier in research, the opposite is the case. Especially a group of experts in their 
intensive research has showed this in teaching logic to the visually impaired: People with limited 
vision also have a spatial imagination that compensates for all the advantages of visual diagrams. 
Moreover, visual logic diagrams can be transformed into haptic or acoustic diagrams more easily 
than symbolic notation. For this reason, those researchers see the first step toward accessible 
teaching of logic in the creation of visual-spatial communication, which can then be further 
developed into haptic-spatial or acoustic-spatial communication. Furthermore, many of the 
gestures in logic and mathematics described below do not only belong to visual- but also to haptic-
spatial communication, since relations or information is often established through touch. 

 
Preliminary Work 
The two applicants come from different research fields that promise productive collaboration. 
While PD Dr. Jens Lemanski is a specialist in the field of logic diagrams, visual reasoning, and 
the history of logic (esp. early modern), Dr. Andrea Reichenberger has done groundbreaking work 
in the field of didactics of mathematics, gender studies, and the history of mathematics (esp. 
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modern). However, both have also worked in the areas in which the other specializes. This is an 
excellent way to combine their expertise with their previous joint projects (e.g., Gender & Logic).  

Jens Lemanski’s preliminary work on this project relates primarily to visual-spatial 
communication with a focus on diagrams in logic and the history of logic up to the late nineteenth 
century. He hosts the world’s largest digital repository on the history of visual-spatial 
communication in logic, which since 2015 has collected over 300 texts only on Euler and Venn 
diagrams from the Middle Ages to the 1990s, with a focus on the early modern period and the 
nineteenth century.1 As mentioned below, however, these writings contain not only diagrams, but 
also their translation into gestures, on which there is as yet no research at all. The material is 
therefore known and has already been collected, but not yet evaluated and modernized. Thus, 
Jens Lemanski can build on his exemplary work from the field of logic diagrams mentioned and 
apply these skills to the new field of logic gestures in order to work with them in both forms of 
visual-spatial communication. 

Andrea Reichenberger is an expert in the history and philosophy of mathematics and logic, 
with an emphasis on women’s contributions. Her recent research has focused on issues in the 
(in)visibility of female figures in the history and philosophy of mathematics and logic. Currently, 
she is working on a project at the intersection of philosophy and computer science, investigating 
the role of diagrams in the early history of computing and its interdependence with graphical 
notations in propositional logic, predicate logic, and modal logic. Reichenberger regularly teaches 
graduate courses on several aspects regarding the history and philosophy of mathematics and 
logic. Of particular interest are the teaching materials, which Reichenberger prepared on 
tessellations, symmetries, and symmetry groups, as part of courses at the Alfried Krupp 
Schülerlabor at Ruhr-Universität Bochum. 
 
Objectives 
The main objective of the project is to investigate practices of visual communication in the field of 
mathematics and logic in order to gain a better and deeper understanding of the different types 
of gestures and diagrams and the functions they have in those disciplines. In particular, we aim 
(i) to analyze practices of visual communication in the field of mathematics and logic based on 
historical case studies and (ii) to develop educational tools to enhance teaching practices. The 
first objective is an explorative one; the second objective refers to applications in teaching and 
education. 
 
The explorative objective of the project is to gain a better and deeper understanding of visual 
communication techniques in logic and mathematics. While basic research on visual 
communication with diagrams already exists a new focus lies on gestures. Specifically, historical-
classificatory approaches serve as a template for explorative-historical gesture research. In the 
following, we concretize this explorative objective with different examples from logic and 
mathematics. In each case, we use concretizations from different centuries and cultures. 
 
Case Study: A good but hitherto unknown example for a possible case study is a sixteenth-
century rhetorical dialectic. He explains how to represent Byzantine triangular diagrams with 
gestures. In Fig. 1 one can see the logic diagram on the bottom right, which is then represented 
by a deictic-iconic gesture on the left. However, it is known that these logic diagrams can be 
connected in an extremely complex way with each other and with other diagrams to form certain 
inferential techniques (see, for example, Fig. 2). In the asystaton diagram (a special form of the 
square of opposition) in Fig. 2, one sees several Byzantine triangular diagrams combined with 
so-called “arcis diagrams” that came from diagrams for musical logarithms. Arcis diagrams are 
combined with the Byzantine triangular diagrams. With the help of the text, one can recreate the 
triangles with the left hand—and the semicircular arcis diagrams with the right hand—in order to 
represent some of the combinations of Fig. 2 with the help of the fingers and to check the 
corresponding inferences. By touching the fingers or the thumb of the two hands, the relations 
shown in Fig. 2 can be represented in gestures. Such techniques will be investigated in more 
detail in the project.  

                                                
1 https://blog.fernuni-hagen.de/euler-venn-diagrams/repository/ 

https://blog.fernuni-hagen.de/euler-venn-diagrams/repository/
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Fig. 1     Fig. 2 

 
The example of Figs. 1 and 2 shows that gestures in logic and mathematics have often been 
understood as embodied diagrams. For this reason, the explorative objective of the project on 
gestures builds on the preliminary work on diagrams in logic and mathematics and attempts to 
understand the practices that are often only hinted at in the text to make them explicit and 
understandable for modern contexts.  
 
Conclusion/Working Hypotheses:  
Many of these techniques have survived until today. Collecting and analyzing them is one of the 
central explorative tasks of the project. A key objective for the theoretical assignment is to answer 
the following questions: 

i. What areas of the history of logic and mathematics need to be examined more closely 
with regard to visual-spatial communication?  

ii. Can advantages of diagrams be transferred to corresponding gestures?  
iii. What advantages and disadvantages do gestures have that diagrams do not?  
iv. Can all diagrams be translated into gestures?  
v. How exactly must different gestures be classified?  

 
Application Objectives 
The core research question of the application objective is how we can successfully implement the 
results we have reached above. A possible case study is finger counting. 
 
Case Study: Finger counting offers children the opportunity to learn and internalize fundamental 
properties of natural numbers through sensory-motor interactions with the world. Recent findings 
show that even educated adults use their fingers as a visuo-motor support to process, represent, 
and communicate numbers. Indeed, using fingers to count prototypically has been shown to give 
the corresponding finger configurations a special status in long-term memory. However, until 
today, there is no agreement about the relevance of finger counting for numerical cognition. Yet 
in recent years a flurry of reports documented that people around the world have vastly different 
techniques for keeping track of numbers on their hands. Cognitive scientists like Bender are 
beginning to show that there is still much to discover about the relationship between gesture, 
language learning, counting, and visual and tactile-kinesthetic communication. Our aim is to 
investigate in more detail the possibilities and limits of finger counting in teaching practices. 
Recommendations for finger use in practice will be derived, summarized, and illustrated with 
concrete examples. Our approach differs from the multitude of other studies on this topic in two 
ways: First, we would like to use results from the history of finger counting to develop concrete 
teaching scenarios. Second, we aim to bridge the gap between mathematics and logic, using 
Boolean algebra, i.a. the propositional calculus, in order to demonstrate how to calculate with the 
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fingers using the binary system. Since the propositional calculus of formal logic is easily 
manipulated in the binary system, the hands (fingers) can actually be used as a computer for 
solving simple problems (Fig. 3). 
 

 
Fig. 3 

 
Conclusion/Working Hypotheses:  
A central goal for practical use is to answer the following questions: 

i. Which diagrams and figures from the history of logic and mathematics correspond to which 
gestures, and what recommendations for the use of visual-spatial communication follow 
from the correspondence? As can be seen in Fig. 1, there are illustrations of gestures in 
logic or mathematics where the correspondence between diagram and gesture is quite 
explicitly stated. In some cases, it is obvious, but in others, it is only indicated in the text. 
The correspondence must therefore be determined precisely, and the correspondences 
must be identified as recommendations. 

ii. Which diagrams and gestures from the history of logic and mathematics are still useful 
today, and in which areas of teaching can their use be recommended? As described 
above, for example, is no longer a topic in current logic, but can perhaps still be used 
meaningfully in areas of the philosophy of language or knowledge representation. In this 
respect, areas of application must be specified as recommendations. 

iii. How can the diagrams and gestures be didactically integrated into online and on-site 
teaching, and which target group can be reached with them? Some gestures are very 
suitable for early childhood didactics. For example, there are embodied diagrams in logic 
and mathematics in which the whole body is used. This technique would be particularly 
suitable in early childhood didactics (mathematics and logic in kindergarten), but would be 
out of place in adult education and hardly feasible in online teaching. In this respect, 
recommendations for the area of application and form of teaching must be exemplified. 

iv. What needs to be made explicit so that visual-spatial communication is easy to follow? 
Several techniques described above are intuitively clear to logicians, but others are difficult 
to understand even with a description. With other gestures (e.g., Fig. 1), it is hard to guess 
exactly what potential they have, since the application of diagrammatic techniques (such 
as Fig. 2) has not yet been exhausted. 

v. What aspects of gender sensitivity and accessibility must be considered in order to be 
able to usefully incorporate visual-spatial communication into teaching? Many visual-
spatial communications from the history of logic and mathematics are not gender-sensitive  
or accessible. A recommendation must therefore be made on how to modernize these 
techniques with regard to the aspects mentioned. 
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